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Executive summary

The aim of this document is to provide a thorough description of the state of the art for
learning in Bayesian networks, but with a focus on the models relevant for the AMIDST
project. The role of this deliverable is thus to document the scientific foundation for the
developments carried out in WP4.
After an introductory discussion, the document has been structured according to the
task division in WP4, with separate sections covering learning in AMIDST models with
focus on scalability, extensions to accommodate non-stationarity, and efficient methods
for feature selection. The included references have been analysed taking the AMIDST
model class and its learning needs into account.
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Introduction
Background

Probabilistic graphical models provide a well-founded and principled approach for performing inference in complex domains endowed with uncertainty. A probabilistic graphical model is a framework consisting of two parts: a qualitative component in the form
of a graphical model encoding conditional independence assertions about the domain
being modelled as well as a quantitative component consisting of a collection of local
probability distributions adhering to the independence properties specified in the graphical model. Collectively, the two components provide a compact representation of the
joint probability distribution over the domain being modelled.
X1

X2

X3

X4

Figure 1: A Bayesian network with five variables.
Bayesian networks (BNs) [1–3] are a particular type of probabilistic graphical model
that has enjoyed widespread attention in the last three decades. Figure 1 shows a BN
representing the joint distribution of variables X1 , . . . , X4 . Attached to each node, there
is a conditional probability distribution given its parents in the network, so that the
joint distribution factorises as
p(X1 , . . . , X4 ) = p(X1 )p(X2 |X1 )p(X3 |X1 )p(X4 |X2 , X3 ).
In general, for a BN with N variables X = {X1 , . . . , XN }, the joint distribution factorises
as
N
Y
p(X) =
p(Xi |pa (Xi )),
(1)
i=1

where pa (Xi ) denotes the set of parents of Xi in the network.
Here, and later on in the document, we use capital letters like Xi to signify a random
variable and let a lowercase letter, e.g., xi , refer to a value or configuration of that
variable. The domain of Xi is denoted ΩXi . Furthermore, we use boldface to represent
vectors, e.g., X = {X1 , . . . , XN }. When discussing models that develop over time, we
will index a variable related to time
St2 by a subscript t, e.g., Xi,t or X t . Finally, we use
X t1 :t2 as a shorthand for X t1 :t2 = tt=t
X t.
1
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Given a set of observed variables X E ⊂ X and a set of variables of interest X I ⊂ X\X E ,
probabilistic inference is the calculation of the posterior distribution p(xi |xE ) for each
i ∈ I. A thorough introduction to the state of the art for inference in BNs was given in
Deliverable D3.1 [4]. In this document we assume that inference techniques for a given
BN are available (inference has been treated in WP3 and WP5), and we will here only
consider the state of the art related to learning a BN from data.
Consider again the factorization of the full joint distribution p(x) in Equation (1). With
this factorization we can efficiently represent the joint probability distribution p(x), but
it requires that pa (Xi ), i.e., the parent set of Xi , is known for each i = 1, . . . , N . The
parents of Xi are exactly the nodes which have an outgoing edge pointing to Xi (e.g.,
pa (X4 ) = {X2 , X3 } for the model in Figure 1). Algorithms for learning the parent sets,
also known as structure learning algorithms, most often follow one of two approaches: i)
search and score methods, see, e.g., [5] and ii) constraint-based techniques [6]. Structure
learning was considered in Task 4.1 of the project, but as that task has already been
concluded and since the focus there was on static models, the topic will not be discussed
in this document.
As soon as the parent sets in Equation (1) are determined, the conditional distributions
p(Xi |pa (Xi )) can be learned from data. The approach taken in the AMIDST project
is that the conditional distribution p(Xi |pa (Xi )) is assumed to be a member of the
conjugate exponential family (including, among others, the Gaussian and multinomial
distributions). Therefore, parameter learning amounts to finding a close-to optimal
parameterization of the given distributions. This is the task that will receive the most
consideration in this document, and we will focus on its behavior in context of the
AMIDST model framework.

2.2

The AMIDST model framework

We will limit our investigation of learning algorithms to those relevant for the AMIDST
model framework. This subset of the probabilistic graphical models (PGMs) was defined
in Deliverable D2.1 [7] and further discussed and refined in Deliverable D2.2 [8]. In its
most general installment, the AMIDST model is a dynamic model (i.e., a model explicitly
modelling time) that accommodates hybrid domains (that is, domains containing both
discrete and continuous variables). The framework structure is a dynamic Bayesian
network, often described as a two time-slice Bayesian network (2T-DBN). A 2T-DBN is
a compact representation of a time-dependent probabilistic model, where the underlying
assumption is that the first part of the model describes the generative model for data
from time t = 0, and the second part describes the development over time, depicting
both how the variables inside the time-slice interact locally, and their dependence on
the previous time-slice. The 2T-DBN can be “unrolled” over time, so that the model
defined at time-points t = 0, 1, 2, . . . , T generalizes the representation in Equation (1) as
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follows:
p(X 0:T ) = p(X 0 )

T
Y

p(X t |X 1:t−1 )

t=1

=

N
Y

p(Xi,0 |pa (Xi,0 ))

T Y
N
Y

p(Xi,t |pa (Xi,t )).

(2)

t=1 i=1

i=1

A 2T-DBN model explicitly enforces the Markov-assumption by requiring that pa (Xi,t ) ⊆
{X t−1 , X t } \ {Xi,t }, and the stationarity-assumption by not explicitly indexing the conditional distribution p(Xi,t |pa (Xi,t )) on t (i.e., it is a time-invariant function evaluated
on values attained by the variables defined at time t).
Figure 2 shows an example of graphical structures defining a 2T-DBN model consisting
of a transition network for time t (right) and its corresponding time slice t = 0 network
(left). For time t − 1, only the (ingoing) interface variables are displayed, i.e., those
variables whose values at time t − 1 have a direct effect on the variables at time t.
Interface variables do not have parents or conditional probability distributions [9]. In
our example, the interface variable X1,t−1 has a direct effect on X1,t . The transition
distribution is expressed as
p(X t |X t−1 ) = p(X1,t |X1,t−1 )p(X2,t |X1,t )p(X3,t |X1,t )p(X4,t |X2,t , X3,t ).

X1,0

X2,0

X3,0

X4,0

X1,t

X1,t−1

X2,t

X3,t

X4,t

Figure 2: An example of the graphical structures corresponding to a 2T-DBN (right),
and its corresponding network for time t = 0 (left).
Figure 3 shows the AMIDST model class, unrolled to show the time-points t and t + 1.
The model has a fixed structure, with continuous variables following the Gaussian (or
mixture of Gaussians) distribution, while discrete variables are categorical. Discrete
variables can only have discrete parents.
The AMIDST requirement that learning should be seamlessly integrated with domain
expertise during learning dictates a Bayesian approach to learning. Furthermore, our
focus on dynamic models solidly anchors this report within the field of Bayesian time
series models [10,11]. Of special interest are hidden Markov models (see, e.g., [7, Section
3.3.1]), Kalman filters and switching Kalman filter models [7, Section 3.3.2]. With this
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Figure 3: The most general dynamic model in the AMIDST model class.
focus, our work distinguishes itself from classical approaches to learning from streams,
in which one assumes that for a model M it holds that X s ⊥⊥X t |M, for s 6= t. We
note that the explicit modelling of dynamic aspects of the stream prevents us from
using asynchronous parallelization techniques to analyze data from different time-slices
in parallel. However, the extra modelling flexibility introduced is important for dealing
with non-stationary streams, i.e., domains exhibiting concept drift [12, 13].
As the model structures in the AMIDST modelling frameworks are (semi-)fixed, our investigations will to a large extent by-pass the vast body of work on learning the structure
of Bayesian networks. We will instead investigate the use of feature selection to learn
models that are not prone to overfitting.
The rest of the document is structured as follows: In Section 3 we will discuss learning
of parameterization of these models and their natural extensions assuming stationary
(non-drifting) domains. Our focus will be on Bayesian learning methods, and how they
scale up. We discuss extensions of the learning regime required to handle non-stationary
domains in Section 4. This is followed by a description of feature selection from data
streams in Section 5, and a conclusion in Section 6.

3
3.1

Parameter learning
Setting the scene

Let θ denote the combination of all parameters of the model (that is, all parameterizations of the conditional distributions in Equation (1) for static models, Equation (2)
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o
n
(N )
(1)
for dynamic models), and let D = xT1 , . . . , xTN denote the dataset which we are
learning from. D is a collection of N independent configurations over the variables of
(j)
the domain, i.e., N realizations of the time series s.t. xTj is a realization over timepoints t = 0, . . . , Tj . Note that D may be incomplete, in case some of the observations
are missing at random. Missingness can occur, for instance, if some of the variables are
latent, or some data-collecting instrument fails.
Parameter learning in Bayesian networks amounts to estimating θ using some optimization criterion that depends on D. The learning generally comes in two different shapes.
While the most commonly used approach (at least traditionally) is maximum likelihood
learning, we will in the AMIDST project focus on Bayesian learning. From a simplistic
point of view, the main difference between the two is that the Bayesian set-up regards
θ as a vector of random variables, and treats them on an equal footing as all other
(unobservable) variables in the domain. From a modelling perspective this extension
is straightforward: The 2T-DBN-model in Figure 2 extends the model in Figure 4 by
explicitly representing θ = {θi,t }, where θi,t is the parameterization of the conditional
distribution function p(Xi,t |pa (Xi,t )). Note that due to the stationarity assumption encoded in the 2T-DBN model, we have that p(Xi,t |pa (Xi,t )) will not change with t as
long as t > 0. The θ parameters for t > 0 (right hand side of Figure 4 are therefore not
indexed by t, we merely separate between the case t = 0 and t > 0 (giving θ 0 and θ > ,
respectively). Typically, the case t > 0 is most important in streaming applications.
Parameter learning now amounts to calculating the probability distribution p(θ|D), that
is, it is reduced to inference in an (extended) Bayesian network model. Thereby, inference
techniques – including approximate approaches like variational Bayes message passing,
expectation propagation or importance sampling – can be used directly for learning.
θ1,>

θ1,0

θ3,0

X1,0

θ3,0

X2,0

θ4,0

X3,0

X4,0

X1,t−1

θ3,>

X1,t

θ3,>

X2,t

θ4,>

X3,t

X4,t

Figure 4: The 2T-DBN of Figure 2 is extended to a Bayesian setting by explicitly
including the unknown parameters as latent variables.
In practice, the a priori marginal distributions for each θi must be declared before
the learning can be performed. These prior distributions enable domain experts to
express knowledge about the parameterization of the distributions that is combined with
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information from the dataset to obtain the posterior information captured by p(θ|D).
The prior information consists of the definition of a distributional family for each θi
together with a parameterization (the so-called hyper-parameters). In AMIDST we will
ensure efficient calculation of posteriors by enforcing the distributional families to be the
conjugate distribution of the likelihood-terms. The hyper-parameters are chosen freely,
and this is the vehicle provided to encode prior (expert) knowledge.
β

α
τ

µ0

τ0
X0

X1

X2

X3

X4

Figure 5: A detailed Bayesian network for the streaming variable Xt (observed at time
t = 0, . . . , 4). For t > 0, Xt |{Xt−1 = xt−1 } is assumed to follow a Gaussian distribution
with mean xt−1 and precision τ .
Figure 5 shows a detailed description of the model for a streaming variable Xt for

t = 0, . . . , 4. For t > 0 we have the model Xt |{Xt−1 = xt−1 } ∼ N xt−1 , τ −1 .
Prior information about the parameter is encoded by assuming τ ∼ Γ(α, β) for given
values of the hyper-parameters {α, β}. Furthermore, X0 ∼ N (µ0 , τ0 ). The dataset
D = {x0 , x1 , x2 , x3 , x4 } enables us to calculate
Q
p(x0 |µ0 , τ0 )p(τ |α, β) 4t=1 p(xt |xt−1 , τ )
.
(3)
p(τ |x0 , . . . , x4 , µ0 , τ0 , α, β) =
p(x0 , . . . , x4 |µ0 , τ0 , α, β)
The calculation is efficient both in terms of space and time because the model is from
the conjugate exponential family.

3.2

Scalable Bayesian learning from data streams

When considering inference and parameter learning in this document we will focus on
variational Bayes(VB) inference. VB inference is a deterministic approximate inference
technique, where we seek to iteratively optimise a variational approximation to the
posterior distribution of interest [14, 15]. Let Q be the set of possible approximations;
then the variational approximation to a posterior distribution p(xI |X E = xE ) is defined
as
qx∗ E (xI ) = arg min D(q(xI )||p(xI |X E = xE )),
q∈Q

where D(q||p) is the KL divergence between q and p. This is equivalent to maximizing
a variational lower bound of the marginal log-likelihood of the model given the data,
which in turn provides a model selection and comparison criteria.

Page 11 of 27
FP7-ICT 619209 / AMIDST

Public

The tractability of the above optimization problem is ensured by constraining the set of
possible approximations Q. A common approach is to employ a variational mean-field
approximation of the posterior distribution, so that the approximation factorises over
the individual variables involved, i.e.,
Y
qx∗ E (xI ) =
qx∗ E (xi ).
(4)
i∈I

During the optimisation of the variational mean-field one performs a coordinate ascent
by iteratively updating the individual variational distributions while holding the others fixed [16]. Updating a variational distribution essentially involves calculating the
variational expectation of the logarithm of the original conditional distributions of the
model. This can be done efficiently and in closed form when the distributions involved
are conjugate-exponential [17]. Variational Bayes techniques, while often being quick in
practice, can suffer from slow convergence when parameters are strongly correlated in
the exact posterior. Auxiliary variable techniques [18] extend the Bayesian models with
auxiliary variables targeted to reduce the correlations, and have also been employed in
Bayesian time-series models [19].
When performing the coordinate ascent updates, one often distinguishes between “local”
latent variables and “global” latent variables. Local latent variables typically relates to
a particular data point, whereas global latent variables represent model parameters that
are shared across all components in the model. Using plate notation, the distinction
between the two types of latent variables can be illustrated as in Figure 6, which also
reveals the implied conditional independencies between the variables in the model.
Zi

α

β

Xi
i

Figure 6: A plate representation of a simplified AMIDST model. Each observation
variable X i is associated with a local latent variables Z i . The local models are connected
through the global latent variables β, which are parameterized by α.
Straightforward variational coordinate ascent in models having both local and global
latent variables, implies that in order to make a single update to the global latent
variables one would have to make a complete pass through all the data. This is inefficient,
in particular if we would expect that a smaller subset of the data is sufficient for making
an informed update. This observation is the basis for stochastic variational inference
(SVI) [20], which was proposed for scaling up VB to large datasets. The key idea being
to utilize the setup of other stochastic gradient methods, and only use mini-batches
(possibly singletons) of the data at each iteration of the algorithm. That is, one iteration
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consists of sub-sampling a mini-batch of data and from that obtain a noisy estimate of
the natural gradient of the variational lower bound. This noisy estimate is subsequently
used to update the variational parameters in the model. Stochastic variational inference
has also been particularized for Bayesian time-series models (Hidden Markov models,
Hidden semi-Markov models, and infinite hidden Markov models) [21, 22]. Here, the full
dataset is supposed to consist of several time-series, and a mini-batch corresponds to
one specific time-series.
In its original formulation, stochastic variational inference assumes access to the full
dataset from which data points are sampled. Nevertheless, a special case of the SVI
algorithm applied in an online learning setting for latent Dirichlet allocation models [23]
was proposed in [24]. Also, as noted in [25], SVI can also be adapted to a streaming
context by having the algorithm visit each data point exactly once. A more robust,
but also more computationally expensive, version of SVI was proposed in [26], where
the natural gradient steps of SVI are replaced by so-called trust-region updates. This
adaption of SVI has also been applied in a streaming context, where new data points
are incrementally added to the database and empirical Bayes [26] is used to achieve a
more robust setting of the hyper-parameters.
A more direct approach for applying variational inference in a streaming setting is pursued in [25] with the Streaming Distributed Asynchronous Bayes (SDA-Bayes) algorithm.
The SDA-Bayes algorithm assumes a generative model where the variables at time s
and tQ
are conditionally independent given the parameterization Θ, i.e., p(X 0:T , Θ) =
p(Θ) t p(X t |Θ). The algorithm processes the data in mini-batches, iteratively updating the posterior distribution over Θ after the t’th mini-batch Bt :
p(Θ|B0 , . . . , Bt ) ∝ p(Bt |Θ)p(Θ|B0 , . . . , Bt−1 ).
Rather than calculating the posterior distributions exactly, one will typically rely on
approximate methods (like variational inference), in which case the procedure above
will recursively calculate an approximation to the posterior. The sequential updating of
p(Θ|·) can also be done in parallel by exploiting that
" t
#
" t
#
Y
Y
p(Θ|B0 , . . . , Bt ) ∝
p(Bi |Θ) p(Θ) ∝
p(Θ|Bi )p(Θ)−1 p(Θ).
(5)
i=0

i=0

Hence, the local posteriors associated with the individual mini-batches are computed in
parallel and afterwards combined to get the full posterior. Note again that when resorting
to approximate inference when calculating the local posterior, the full posterior will also
be approximate.
A subtle problem of doing distributed and decentralized learning according to Equation 5
is that a straightforward combination of the local posteriors may lead to inconsistencies
in the full posterior. This problem is addressed in [27] in relation to hybrid models
with focus on capturing parameter permutation symmetry. That is, permuting the
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values of a subset of the parameters does not impact the posterior probability, in which
case the model is non-identifiable. In order to resolve potential inconsistencies, [27]
poses the task as a combinatorial optimization problem over the possible parameter
permutation matrices. Although the optimization method is restricted to parametric
models, [28] extends the scope of the general approach by adapting it to Bayesian nonparametric models. Neither of the two methods does, however, come with any guarantees
on optimality of the resulting full posterior.
Alternative approaches for combining local posteriors have also been considered [29]. For
example, [30] consider the combination of posterior distributions through their barycenter in Wasserstein space, [31] forces the local posteriors to agree on the overall shape of
the full posterior by ensuring that they agree on the first two moments. In the same
spirit, [32] imposes equivalency among the local posterior distributions by formulating
the problem as a constrained optimization problem (constrained by parameter equivalence). This problem is subsequently solved using the alternating direction method of
multipliers and by penalizing distribution differences through the Bregman-divergence
induced by the log-partition function of the global latent variable.
When adopting the full AMIDST model class illustrated in Figure 3, the model itself
imposes natural constraints on the parallelization opportunities. Specifically, in Figure 3
we see that the variables at two different time steps s and t are not conditional independent given the parameters in the model. In turn this means that the observations
in time step t + 1 can neither be processed before nor in parallel with the observations
in time step t. Thus, scalable learning within this context is limited to the processing
of the observations pertaining to a single time step as well the transition from one time
step to the next. For the former task, the methods above are applicable whereas for
the latter task the factored frontier algorithm [33] defines an approximate updating step
when transitioning to a new time step, see also [34, 35].

4

Adaptation

The parameter learning discussed so far requires stationary domains. Assume we monitor
a stream of data {xt = (z t , yt )}, where Yt is the variable we want to predict, and Z t is
the vector of features (or covariates) from which the prediction of Yt is to be made. In
our dynamic-model setting, the stationarity-assumption can be defined as
p(X t |X t−k:t−1 , Θ) ≡ p(X s |X s−k:s−1 , Θ) for all s and all t,

(6)

where k determines the Markov order (typically k = 1 or, if the model should not
incorporate the dynamic aspect, k = 0). Notice that the model in Equation (6) is time
invariant, because neither the probability function p(·) nor the parameterization Θ are
indexed by time.
However, learning algorithms using real-life data streams often operate in a dynamic
setting, and in this section we will investigate how learning can be done in domains
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exhibiting concept drift [12,13]. When discussing concept drift, it is beneficial to separate
between real concept drift, for which p(yt |z t , xt−k:t−1 ) changes over time, and virtual
concept drift, where p(yt |z t , xt−k:t−1 ) is stable, but p(z t |xt−k:t−1 ) drifts. Obviously,
virtual drift is not as harmful for predictive ability as real concept drift, and can even
be completely disregarded when working with discriminative models. From a modelling
perspective, it is also helpful to separate between sudden (or abrupt) and incremental
concept drift. The former is typically more pronounced and easier to detect, while the
latter can be harder to pinpoint.

Figure 7: Gama et al.’s generic schema for an online adaptive learning algorithm [13,
Figure 3].
A general schema for adaptive learning algorithms, taken from [13, Figure 3], is reproduced in Figure 7. In this setup, the system goes through three different phases:
1. Predict: Data in the form of queries, i.e., the stream {z t }, is fed to the system. A
model is employed to generate a stream of predictions {ŷt }.
2. Diagnose: The “correct” value yt for the query z t is provided to the system, potentially with a delay. yt is compared to the system-generated prediction ŷt , and
the empirical loss Lt = L(yt , ŷt ) is calculated. The stream of losses, {Lt }, is monitored over time, and undesirable changes (increased loss or reduced speed of loss
improvement) can be flagged to the user.
3. Update: Finally, data in memory and the results of the change detector are combined with the current model to update it. The goal is to have a model that will
work well given the data stream’s current characteristics. An update may entail
simply keeping the model as it is, refine it using all available data in memory, or
do more elaborate considerations where, for instance, some data may be deemed
as irrelevant and discarded before learning of a new model is performed.
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This general schema gives a vehicle for modifying algorithms that were initially intended
for stationary streams to also work under concept drift. As an example, Hoeffding Trees
(“Very Fast Decision Trees”, VFDTs) [36] define a framework for time-efficient learning
from data streams, but the learning algorithm is only well-defined when the stream is
stationary. The idea was therefore extended by [37], who kept the model consistent with
a sliding window on the stream, re-checked consistency periodically, and grew alternative
sub-trees as required. Similarly, Gama et al. [38] monitor the error rate of the learned
model, and learn alternative subtrees when drift was detected. Hulten and Domingos [39]
utilize the Hoeffding bound underlying the VFDT algorithm also for learning Bayesian
network structures efficiently from data streams. That algorithm can now be extended
to concept drift situations using the approaches of [37, 38]. The schematic approach
to building adaptive prediction systems thus also has great potential in the literature
devoted to probabilistic graphical models.
The generic schema of Figure 7 requires detection of change in the (internal) stream of
losses, {Lt }. Several methods can be used here. For instance, both the Cumsum [40]
and the Page-Hinkley [40] tests are based on the sequential probability test; [41] utilized
P-charts from statistical quality control; [38, 42, 43] compare distributions for different
time-windows following the idea of [44]. Finally, [45] utilized a Bayesian approach to
average over the uncertainty about how much of the observed data X 0:t that is relevant
for learning the model at time t.
It is worth noticing that the general principle of using a change detector to determine
what data is relevant to learn from at a given point in time also can be employed
when feedback in terms of the correct prediction is unavailable. In this case one can
only look for changes in the input stream {z t }, however, and will thus be unable to
separate between real and virtual drift. In these cases, one solution is to use a fixed-size
sliding window, and only use data inside the window for learning (see, e.g., [12]); this
is the simplistic alternative to methods using adaptive window lengths (see, e.g., [46]).
While windowing techniques are conceptually easy and simple to implement, the methods
require in their simplest form that a potentially large sub-sample of the data is kept in
memory, and that one can drop the oldest elements out of memory when new elements
come in. A simplification in that respect can be employed if the distribution is from
the exponential family. In this case, one can monitor sufficient statistics instead of the
full data-sample, and (to avoid remembering the sequencing of the observations), use
exponential decay on the statistics to adapt to changing environments. This approach
was employed by Olesen et al. [47] for learning parameterizations of discrete Bayesian
networks. The sufficient statistics were defined as a set of (partial) counts {sijk }, and
before a new data sample was incorporated into the set of sufficient statistics, each sijk
was multiplied by a fixed scaler q ∈ [0, 1].
Following a Bayesian approach for stationary streams, one will use the prediction model
Z
p(yt |z t , x0:t−1 ) =
p(yt |z t , xt−k:t−1 , Θ)p(Θ|z t , x0:t−1 ) dΘ.
Θ
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This can easily be extended to drifting domains by allowing Θ to change with t, and
explicitly model the dynamics. This approach was, for instance, pursued by [48, 49].
Penny and Roberts [48] considered a logistic regression model, where the weights of
the model at time t, wt , where modelled as Gaussian variables. The key idea was
then to connect the variables over time, so that wt+1 |wt had expected value wt and
covariance determined by the a priori belief in the strength of the concept drift. While
the posterior for wt is not available in closed form, Penny and Roberts approximated it
using a Gaussian with parameters determined using approximate inference techniques.
A similar strategy was pursued by [50, 51], but with a support vector machine as the
base classifier. Finally, Borchani et al. [52] used latent variables to capture concept
drift. They started out with a dynamic Naive Bayes classifier, then extended the model
using a sequence of latent variables Ht , which a priori was assumed to follow Brownian
motion. The parameters of the classifier at time t where then scaled by Ht to incorporate
the effect of a “global” external process. The authors argue that their setup can easily
be extended to arbitrarily complicated drifting regimes by adding more latent variables
exhibiting different behaviors. For instance, a discrete latent variable will work well
with abrupt shifts (and in particular for reoccurring concepts), while a sequence of
latent variables with strong autocorrelation is natural to model slowly drifting domains.
Another advantage of this approach is that even if the model is designed to cope with
drifting domains, it respects the stationary assumption of Equation (6) at the same time,
therefore being able to leverage the efficient inference techniques described in Section 3.2.
In the PGM literature there are also approaches that adapt the underlying network
structure of the prediction model. For instance, [53] learned augmented Naı̈ve Bayes
classifiers incrementally, thereby being able to handle concept drift situations. Similarly,
[41] gradually increases the complexity of a Naı̈ve Bayes classifier (up to k-dependence
classifiers) as more relevant data is observed. An external change detector determines
when concept drift is observed, and the classifier is updated accordingly (the structure
can also be thinned when applicable). Finally, [54–56] all consider learning of general
Bayesian network structure in drifting domains.

5

Variable selection

For datasets with a high number of variables, a key step is to determine the most
informative variables for the model and exclude the less informative ones. Furthermore,
some of the variables may be redundant in the context of others. Learning Bayesian
networks with an excessive number of variables may yield models overfitting irrelevant
aspects of the data, and therefore showing a poor predictive power. Also, the complexity
of learning usually grows exponentially with the number of variables, and hence the
computational cost of learning with all the available variables may become unaffordable.
AMIDST models are fundamentally oriented to classification, and therefore there is a
distinguished variable or set of variables that constitute the class, where the rest of the
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variables are referred to as features (see Figure 3). Feature selection methods can be
grouped into three main blocks, wrapper, filter and embedded methods [57, 58]. There
are also mixed filter-wrapper approaches, some of which are able to operate in high
dimensional domains [59, 60].
Wrapper methods [61] explore the space of possible feature subsets, optimizing some
model-dependent metric. It means that for each explored feature subset, a model is
learnt and evaluated. Due to the size of the datasets and the time constraints, traditional wrapper approaches for variable selection are not viable within the context of the
AMIDST project and therefore we will not review them in this document. Embedded
methods [62] are also model-dependent. They use some specific property of the target model to guide the search procedure. On the other hand, filter methods [63] are
independent of the underlying model. These methods use some score function to produce a ranking of the features. In general, a threshold is defined and variables below it
are discarded. For instance, a threshold value of the score function or, alternatively, a
maximum number of features may be determined.
In what follows, we present an analysis of the state of the art on filter and embedded
methods for feature selection. The analysis is focused on methods able to deal with large
amounts of variables and/or data streams.

5.1

Filter methods

Some of the most outstanding filter methods are based on the use of information-theoretic
score functions, all of them related to the concept of entropy [64]. Throughout this
exposition we shall assume a set of discrete or continuous variables X = {X1 , . . . , Xn }
and a class variable C which is always discrete. The entropy of a discrete variable X ∈ X
is
H(X) = −

X

p(x) log p(x),

x∈ΩX

where the summation is changed to integration if X is continuous. The entropy measures
the uncertainty in the distribution of X. Given two variables Xi , Xj ∈ X, the conditional
entropy of Xi given Xj is
H(Xi |Xj ) = −

X
xj ∈ΩXj

p(xj )

X

p(xi |xj ) log p(xi |xj ),

xi ∈ΩXi

and it quantifies the uncertainty that remains in the distribution of Xi after observing
Xj .
The amount of information shared by two variables Xi , Xj ∈ X can be measured by
their mutual information [64, 65]:
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I(Xi , Xj ) = H(Xi ) − H(Xi |Xj ).

(7)

It can be interpreted as the amount of uncertainty in Xi that is removed after observing
Xj . Similarly, given Xi , Xj , Xk ∈ X the conditional mutual information between Xi
and Xj given Xk can be defined as
I(Xi , Xj |Xk ) = H(Xi |Xk ) − H(Xi |Xj , Xk ).
Another measure that is commonly used in filter methods is the symmetric uncertainty,
defined as
SU(Xi , Xj ) =

I(Xi , Xj )
,
H(Xi ) + H(Xj )

(8)

which is in fact a normalized version of the mutual information.
A thorough analysis of information-theoretic filter methods for variable selection is reported in [66]. The analysis is based on the conditional likelihood of the class variable
given parameters S (features included in the model) and τ (parameters of the distributions involved in the model) for a data set D = {(xi , ci ), i = 1, . . . , N }, defined as

L(S, τ |D) =

N
Y

q(ci |xi , τ )

i=1

where q is the learnt model. It is shown in [66] that the conditional likelihood is maximized by minimizing I(X \ S, C|S). In other words, the conditional likelihood is maximized when the mutual information between the class and the variables not included in
the model, given the variables actually included, is minimized.
From the perspective of data stream processing and scalability, it is worth pointing out
that the information-theoretic score functions mentioned so far can be efficiently updated
after the arrival of new data if the distributions involved belong to the exponential family.
It is enough to store a set of sufficient statistics corresponding to the parameters of the
model, which are just counts for discrete variables and first and second order sample
moments for Gaussian variables.
Filter methods usually rank the variables independently from each other. This is the
approach taken in [67], where vertical parallelization is used. Subsets of candidate variables are distributed through the available computing units, where the filter is actually
applied. The features that are discarded receive one vote, and finally those with more
votes are excluded from the model.
The use of filter methods when learning from data streams was analyzed in [68], where
the variables are ranked according to their mutual information with the class, as defined in Equation (7). The sufficient statistics involved in the calculation of the mutual
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information of each feature are stored and updated as new items come from the input
stream. Naive Bayes and kNN classifiers are considered.
A similar approach is followed in [69]. Instead of the mutual information, the symmetric
uncertainty in Equation (8) is used as filter measure. The symmetric uncertainty is
computed from a sliding window on the input stream.
The problem of feature selection and concept drift are linked in [70], where it is assumed
that a concept drift happens when the set of selected features changes. Features are
ranked using the mutual information, but only those scarcely correlated with the already
included features are appended to the model. Streams are handled by keeping records
of the sufficient statistics involved in the calculation of the mutual information and the
linear correlation coefficient between features.
A different idea is exploited in [71]. A Lasso regression model [72] is computed from a
sliding window on the input stream. The features are ranked according to their corresponding regression coefficients in the regression model.
A general view of filter methods is given in [73]. Rather than using a fixed filter measure,
the variables are ranked according to the reduction in expected loss when including them
in the model.

5.2

Embedded methods

Embedded methods for feature selection are model-dependent in the sense that they
base the selection procedure on some properties of the model. Embedded methods have
been extensively used in regression problems. Typically, the selection procedure involves
the use of the regression coefficient, using some kind of regularization in order to obtain
values close to zero for the coefficient of irrelevant variables. That is the case of the
work described in [74]. It is shown how Lasso regression models can be estimated from
data streams. The joint distribution of the response and the covariates (features) is
dynamically updated from a sliding window.
Lasso regression is also the underlying model in [75]. The regression parameters are
learnt from streams using recursive least squares, where the covariance estimates at
time t + 1 are learnt from the observations at time t + 1 and the existing estimates at
time t. The importance of past observations is scaled down using exponential forgetting.
A similar approach is taken in [76], where recursive partial least squares is solved using
singular value decomposition with a Lasso-like penalty factor aimed at sparsification.
Stepwise variable selection is explored in [77] within the context of credit card fraud
detection. Logistic regression models are used for classifying the credit card use. Sparse
projection is inspired by principal component analysis is used to reduce the number of
features in linear classifiers in [78].
Another important group of embedded methods rely on Bayesian techniques. A review
of such methods, also focused on regression problems, can be found in [79]. Variable
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selection in the Bayesian case is closely related to the so called Automatic Relevance
Determination [18, 80, 81]. An example is the adaptive shrinkage technique, illustrated
in Figure 8. The contribution of each variable Xi is modeled through a parameter βi ,
over which a prior can be specified as βi |τi2 ∼ N (0, τi2 ). A prior must also be specified for
τi2 so that the distribution of βi adopts the appropriate shape to represent the fact that
βi should concentrate around zero if Xi is irrelevant according to the data. The degree
of sparseness is controlled by the prior on τi2 , usually a Γ distribution with parameters
a and b is used. Finally, an indicator variable Ii can be included for each Xi , so that
Ii = 1 if |βi | > c for some threshold c > 0, meaning that Xi is only included in the model
in such case [82].
a

b

Ii

τi2

Xi

βi

Figure 8: An illustration of Bayesian feature selection as a graphical model.

6

Conclusions

This document describes the state-of-the art of learning in the context of the AMIDST
modelling framework. Due to the requirement that the learning should be able to leverage both expert knowledge and information hidden in the data, the focus for the document is on learning in a Bayesian setting. We have considered learning using variational
Bayes, and described ideas used for speeding up learning in that context. Furthermore,
we discussed the state of the art for learning from non-stationary data streams. Finally,
since the AMIDST model class has a (semi-)fixed structure, the vast literature on learning Bayesian network structure was only mentioned in passing. Instead, we discussed
scalable techniques for feature selection, which can be employed to avoid learning models
that are prune to overfitting.
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