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Probabilistic Inference

A Bayesian Network (BN) is a Directed Acyclic Graph (DAG) of
variables X = {Xi,...,Xx} with ajoint probability distribution:

p(X) = [1;L, p(Xi| Pa(Xy))

where Pa(X;) stands for the set of parents of X

Xp Cc X Observed variables
X; C X\XEg Variables of interest

/ p(xa XE)dXC
p(zi,Xg)  xp€lxp "XCEXe

p(zi|xg) =

p(xg) Z ]x p(x, xg)dxc,

XD, E-QXD

c; EQxC
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Probabilistic Queries

For continuous variables
/ p(x,xg)dxc | dz;
xp€Nx Xc€2x

[
> [ pxxex

pla < X; <blxg) =

Or discrete variables
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Conditional Linear Gaussian (CLG) BN

A Conditional Linear Gaussian (CLG) network is a hybrid Bayesian
network where

» The conditional distribution of each discrete variable Xp given
its parents is a multinomial

» The conditional distribution of each continuous variable Z
with discrete parents Xp and continuous parents X, is

p(z|Xp = xp, Xc = xc) = N(z; a(xp) + B(xp) "xc, o(xp))

for all xp and x¢, where a and 3 are the coefficients of a
linear regression model of Z given X¢, potentially different for
each configuration of Xp.
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Inference in CLG Bayesian Networks

Exact inference requires a strong junction tree

— Computationally expensive

Not suitable for dealing with streaming data or large networks

Approximate inference algorithms with a quick response
are needed, such as:

o Variational Inference

o Importance Sampling
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Variational Inference

It is a deterministic approximate inference technique, with iterative
optimization of a variational approximation to the posterior distribution
of interest.

For a posterior distribution of interest p(x:|Xr = xg)
and a set Q of possible approximations, the variational
approximation is defined as:

Oy (X1) = arg ggg D(q(x1)||p(x1|XE = xEg))

D(q||p) is the KL divergence between ¢ and p
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Variational Inference

A common approach is to employ a variational mean-field
approximation of the posterior distribution

G (x1) = | [ a5, ()
i€l

During the optimization, the individual variational distributions are
iteratively updated, holding the others fixed.

Updating a variational distribution essentially involves calculating the
variational expectation of the logarithm of the original conditional
distributions of the model.

This can be done efficiently and in closed form when the distributions
involved are conjugate-exponential, using the general architecture of
variational message passing (VMP)
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Importance Sampling

Importance sampling is a versatile simulation technique. In case of
inference in BNs amounts to transforming the numerator of

]a” ( > /%Ceﬂxc p(x,xE)dxC) dz;

xXp €%,

> p(x, xp)dxc,

xDiEQxDi Cienxci

pla < X; < blxg) =

by multiplying and dividing by a distribution which is easier to handle
and from which samples can easily be drawn.
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Importance Sampling

Let 8 denote the numerator of

[ab ( > Lceﬂxc P(XaXE)dxc) dz;

xXpES2x
Xp, E-QxDi Cienxci

pla < X; < blxg) =

> [ sexeaxe

0= [Phz)de; e = X [ pxxe)dxe

XDGQXD XCEQXC

0= /a b h(z;)de; = /a b ;((Z))p (i) = By [Ph"‘((XX?)]

p* is a probability density function on (a,b) called the sampling distribution

X/ is a random variable with density p*
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Importance Sampling

Let X;‘(l), . ,X;-“(m) be a sample drawn from p*. Then

R 1 X*(J)
0, = — it ) is an unbiased estimator of 6
m = pr(X; D)

m % () m %(7)

Var(6,) = Var L Z h(X"‘*(j)) = iz ZVar ( h(X**(J)) )
m i3 pr(X7Y) mei4 p*(X;Y)
_ 1 h(X7)) 1 h(X7)
QOVa.r (p*(X;-“)) = mVar (p*(Xg‘) .
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Importance Sampling — EW algorithm

Evidence Weighting (EW) is a procedure for selecting the sampling distribution

Each variable is sampled from its conditional density given its parents.
Sampling from parents to children in the network.

Observed variables are not sampled, but instantiated to the observed value.

Then, h involves the product of all the conditional, while p* involves the same
distributions except those corresponding to observed variables.

The probability of evidence has to be estimated as well. Thus, instead of taking a
sampling distribution defined on (a,b) it must be defined on the entire range of the
variable.
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Importance Sampling — EW algorithm

Function EW(X,P,xg, X,a,b,M)
Input: The set of variables in the network, X = {Xi,..., Xy} in topological order.
The distributions in the network P = {p1,...,pn}. Evidence Xg = xg. The
target variable X. Sample size M.
Qutput: An estimation of Pla < X < b|Xg = xg)
begin
Initialization:
s1 4038 0.
for j + 1 to M do
Sample generation:
wy +— 1;ws + 1.
for i — 1 to N do
if Xi ¢ Xg then
Simulate a value :::gj) for X; using pi(xi|Pa(zi)).
w2 — ws = pi(zl |Pa(z:)).
end
else
‘ Let xgﬂ be the value of X; in XE.
end

wy 4 wi * pﬂ;(mgj”Pa(:t:,-)).
end
if wy # 0 then
Let 210 be the value of X in the simulated configuration mgj ), ceey x%).

if ) € (a,b) then

| s1 ¢ sp+wyfwe
end
Sg 4 s2 + wy fwe
end

end
return s;/sz .
end

Algorithm 1: The EW algorithm for answering a probabilistic query.
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Experimental Results
Experiment set-up:
. Two randomly generated CLG BN of 10 and 500 variables, with
double of links than nodes on each network.
. Observations in 5% of variables, randomly selected.
. Random queries of the form p(a < X; <blxg) withb—a=1.

. Each query answered with VPM and EW, with sample
sizes of 1000, 5000, 10000.

- Each experiment replicated with 1, 2, 4, 8, 12, 16 and 20 cores,
on a dual-processor AMD Opteron 2.8GHz server with 32 cores and
64GB of RAM, running Linux Ubuntu 14.04.1 LTS.

. Each run repeated 10 times to obtain the averaged runtime and the

error given by the x* divergence , 1 i“: (¢; — pi)?
NI e Uit 0
mn

i—1 Di
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Experimental Results — Run time

10 vars. 500 vars.

Run time (seconds)|{0.0739  9.6917

Error 0.4657 2.2759

Table 1. Error and run times for VMP

10 variables 500 variables

’_’__,...--r”'"'#O
X 0.8 1.0
1 1 1

0.4

Time (seconds)
0.005 0.010 0015 0020 0.025
/o
o
Time (seconds)
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|/
/
/

Number of cores

MNumber of cores
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Experimental Results - Accuracy

\10 vars. 500 vars.
0.0739 9.6917
|0.4657 2.2759
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Table 1. Error and run times for VMP
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Conclusions

Two general approaches for probabilistic inference in CLG networks
have been tested. According to the experiments:

. The Parallel Importance Sampling method (EW) outperforms VMP
in both speed and precision.

. The quick responses provided by EW suggest that it might be an
appropriate inference method for streaming evidence.

- However, the experiments were limited and should be extended to:
- Larger networks with more links.

- Distributions with a high concentration of extreme probabilities.
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